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This book provides a comprehensive, 
self-contained introduction to one of the 
most exciting frontiers in astrophysics 
today: the quest to understand how the 
oldest and most distant galaxies in our 
universe first formed. Until now, most 
research on this question has been theo-
retical, but the next few years will bring 
about a new generation of large tele-
scopes that promise to supply a flood of 
data about the infant universe during its 
first billion years after the big bang. This 
book bridges the gap between theory 
and observation. It is an invaluable ref-
erence for students and researchers on 
early galaxies.

The First Galaxies in the Universe 
starts from basic physical principles be-
fore moving on to more advanced ma-
terial. Topics include the gravitational 
growth of structure, the intergalactic 
medium, the formation and evolution of 
the first stars and black holes, feedback 
and galaxy evolution, reionization, 21-
cm cosmology, and more.

• Provides a comprehensive 
introduction to this exciting frontier in 
astrophysics

• Begins from first principles

• Covers advanced topics such as the 
first stars and 21-cm cosmology

• Prepares students for research  
using the next generation of large 
telescopes

• Discusses many open questions to be 
explored in the coming decade

“ Loeb and Furlanetto are highly respect-
ed theorists with international reputa-
tions, and together they make a perfect 
team. They have picked a timely mo-
ment to introduce this frontier topic to 
graduate students with a carefully craft-
ed text such as this one. The First Gal-
axies in the Universe is self-contained, 
admirably complete, and remarkably up 
to date.”

— Richard Ellis, California Institute of 
Technology

“ Loeb and Furlanetto have produced a 
marvelous text. The coverage is com-
prehensive, the selection of figures 
and illustrations is very judicious, and 
whenever key concepts are introduced, 
the authors explain them using simpli-
fied back-of-the-envelope derivations. 
The First Galaxies in the Universe will 
be peerless for quite a while, and will 
inspire young people to enter this excit-
ing field at a time when the pace of dis-
covery is heating up.”

— Volker Bromm, University of Texas, 
Austin
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Preface

This book captures the latest exciting developments concerning one of the most
fascinating unsolved mysteries about our origins: how did the first stars and
galaxies form? This era, known as the cosmic dawn because these sources were
the first to illuminate our Universe, assumes central importance in our under-
standing of the history of the Universe. Most research on this question has been
theoretical so far. But the next decade or two will bring about a new generation
of large telescopes with unprecedented sensitivity that promise to supply a flood
of data about the infant Universe during its first billion years after the Big Bang.
Among the new observatories are the James Webb Space Telescope (JWST)—
the successor to the Hubble Space Telescope, and three extremely large tele-
scopes on the ground (ranging from 24 to 42 m in diameter), as well as several
new arrays of dipole antennas operating at low radio frequencies. The fresh
data on the first galaxies and the diffuse gas between them will test existing the-
oretical ideas about the formation and radiative effects of the first galaxies, and
might even reveal new physics that has not yet been anticipated. This emerging
interface between theory and observation will constitute an ideal opportunity
for students considering a research career in astrophysics or cosmology. Thus
the book is intended to provide a self-contained introduction to research on the
first galaxies at a technical level appropriate for a graduate student.

The book is organized into three parts that largely build on each other.
Part I, Fundamentals of Structure Formation, includes chapters on basic
cosmology, linear perturbation theory, nonlinear structure formation, and the
intergalactic medium. This part provides a broad introduction to studies of cos-
mological structure and galaxy formation with applications well beyond the first
galaxies themselves. The first three chapters provide a crucial introduction to
the rest of the book; the fourth (on the intergalactic medium) is not essential
for many of the later chapters but is important for understanding the reioniza-
tion process as well as many of the most important observational probes of the
cosmic dawn.

Part II, The First Structures, focuses on the physics driving the formation of
these objects, as well as the physics that determines their influence on sub-
sequent generations of objects. We review the formation of the first stars and
black holes, the importance of stellar feedback, the basic principles of galaxy
evolution, and the epoch of reionization. Many of the principles contained here
also have wide application to other areas of extragalactic astrophysics, though
we focus on their application to the first galaxies. The first two chapters in
this part build on each other, but the others can be approached largely
independently.

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 12
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xii PREFACE

Part III, Observations of the Cosmic Dawn, describes several directions in
which we hope to observe the most distant galaxies in the coming decades.
This part begins with a discussion of galaxy surveys and then moves on to two
unique probes of this era: the Lyman-α and 21-cm lines of neutral hydrogen.
It concludes with brief discussions of several other techniques. The chapters in
this section are largely independent of each other and may be read in any order.

Throughout the text, we reference seminal papers as well as some recent
calculations with endnotes; these are collected in the Notes section. In the
Further Reading section, we list useful overviews in the form of books and
review papers. We have also included two appendixes. In Appendix A, we in-
clude fundamental constants and conversion factors, and, in Appendix B we
summarize the cosmological parameters assumed in this book (see also §1.4).

Note that both for the sake of brevity and because the current cosmological
measurements are reasonably secure, most of the equations do not explicitly
state their dependence on such factors as the baryon density, Hubble constant,
or cold dark matter density. Inserting these dependencies is a useful exercise,
and we encourage the interested readers to check their understanding in this
way.

Various introductory sections of this book are based on an undergraduate-
level book, How Did the First Stars and Galaxies Form? by one of us (A.L.), which
followed a cosmology class he had taught over two decades in the Astronomy
and Physics departments at Harvard University. Other parts relate to overviews
both of us wrote over the past decade in the form of review articles. Where
necessary, selected references are given to advanced papers and other review
articles in the scientific literature.

The writing of this book was made possible thanks to the help we received
from many individuals. First and foremost, we are grateful to our families
for their support and patience during the lengthy writing period of the book.
Needless to say, the content of this book echoes many papers and scientific
discussions we had over the years with our students, postdocs, and senior col-
laborators, including Dan Babich, Rennan Barkana, Jon Bittner, Laura Blecha,
Judd Bowman, Frank Briggs, Avery Broderick, Volker Bromm, Chris Carilli,
Renyue Cen, Benedetta Ciardi, T. J. Cox, Mark Dijkstra, Daniel Eisenstein,
Claude-André Faucher-Giguère, Richard Ellis, Idan Ginsburg, Zoltan Haiman,
Lars Hernquist, Jackie Hewitt, Loren Hoffman, Bence Kocsis, Girish Kulkarni,
Adam Lidz, Andrei Mesinger, Matt McQuinn, Joey Muñoz, Ramesh Narayan,
Peng Oh, Ryan O’Leary, Rosalba Perna, Tony Pan, Ue-Li Pen, Jonathan
Pritchard, Fred Rasio, Martin Rees, Doug Rubin, George Rybicki, Athena Stacy,
Dan Stark, Yue Shen, Nick Stone, Anne Thoul, Hy Trac, Eli Visbal, Stuart
Wyithe, and Matias Zaldarriaga. We did not attempt to provide a comprehen-
sive reference list of the related literature, since such a list would be out of date
within a few years in this rapidly evolving frontier. Instead we focused pedagog-
ically on the underlying physical principles that will remain relevant in the fu-
ture, and referred the reader to representative papers, review articles, and books
for further reading. We thank Nina Zonnevylle and Uma Mirani for their assis-
tance in obtaining permissions for the figures of the book; Laurie Lites for her

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 13
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assistance with the manuscript; Fred Davies, Lauren Holzbauer, Joey Muñoz,
and Ramesh Narayan for their help with several figures; and Natalie Mashian,
Doug Rubin, and Anjali Tripathi for their comments on the finished manu-
script. Finally, it has been a delightful experience for us to work with our book
editor, Ingrid Gnerlich, and the entire production team at Princeton University
Press.

—A. L. & S. F.

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 14



fm October 11, 2012

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 15



chapter1 October 8, 2012

PART I

Fundamentals of Structure Formation

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 16



chapter1 October 8, 2012

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 17



chapter1 October 8, 2012

Chapter One

Introduction and Cosmological Background

1.1 Preliminary Remarks

On large scales, the Universe is observed to be expanding. As it expands, galax-
ies separate from one another, and the density of matter (averaged over a large
volume of space) decreases. If we imagine playing the cosmic movie in reverse
and tracing this evolution backward in time, we would infer that there must
have been an instant when the density of matter was infinite. This moment in
time is the Big Bang, before which we cannot reliably extrapolate our history.
But even before we get all the way back to the Big Bang, there must have been
a time when stars like our Sun and galaxies like our Milky Way did not exist,
because the Universe was denser than they are. If so, how and when did the first
stars and galaxies form?

Primitive versions of this question were considered by humans for thousands
of years, long before it was realized that the Universe is expanding.
Religious and philosophical texts attempted to provide a sketch of the big pic-
ture from which people could derive the answer. In retrospect, these attempts
appear heroic in view of the scarcity of scientific data about the Universe prior
to the twentieth century. To appreciate the progress made over the past cen-
tury, consider, for example, the biblical story of Genesis. The opening chapter
of the Bible asserts the following sequence of events: first, the Universe was
created, then light was separated from darkness, water was separated from the
sky, continents were separated from water, vegetation appeared spontaneously,
stars formed, life emerged, and finally humans appeared on the scene. Instead,
the modern scientific order of events begins with the Big Bang, followed by an
early period in which light (radiation) dominated and then a longer period in
which matter was preeminent and led to the appearance of stars, planets, life
on Earth, and eventually humans. Interestingly, the starting and end points of
both versions are the same.

Cosmology is by now a mature empirical science. We are privileged to live in
a time when the story of genesis (how the Universe started and developed) can
be critically explored by direct observations. Because light takes a finite time to
travel to us from distant sources, we can see images of the Universe when it
was younger by looking deep into space through powerful telescopes.

Existing data sets include an image of the Universe when it was 400,000 years
old (in the form of the cosmic microwave background in Figure 1.1), as well as
images of individual galaxies when the Universe was older than a billion years.
But there is a serious challenge: between these two epochs was a period when

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 18
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4 CHAPTER 1

WMAP 5-year
–200 T (µK) +200

Figure 1.1 Image of the Universe when it first became transparent, 400,000 years after
the Big Bang, taken over 5 years by the Wilkinson Microwave Anisotropy Probe
(WMAP) satellite (see Color Plate 1 for a color version of this figure). Slight
density inhomogeneities at the level of one part in ∼105 in the otherwise uni-
form early Universe imprinted hot and cold spots in the temperature map of
the cosmic microwave background on the sky. The fluctuations are shown in
units of microkelvins, and the unperturbed temperature is 2.725 K. The same
primordial inhomogeneities seeded the large-scale structure in the present-
day Universe. The existence of background anisotropies was predicted in a
number of theoretical papers three decades before the technology for tak-
ing this image became available. Courtesy of NASA and the WMAP Science
Team.

the Universe was dark, stars had not yet formed, and the cosmic microwave
background no longer traced the distribution of matter. And this is precisely
the most interesting period, when the primordial soup evolved into the rich zoo
of objects we now see. How can astronomers see this dark yet crucial time?

The situation is similar to having a photo album of a person that begins with
the first ultrasound image of him or her as an unborn baby and then skips to
some additional photos of his or her years as teenager and adult. The later pho-
tos do not simply show a scaled-up version of the first image. We are currently
searching for the missing pages of the cosmic photo album that will tell us how
the Universe evolved during its infancy to eventually make galaxies like our own
Milky Way.

Observers are moving ahead along several fronts. The first involves the con-
struction of large infrared telescopes on the ground and in space that will pro-
vide us with new (although rather expensive!) photos of galaxies in the Universe
at intermediate ages. Current plans include ground-based telescopes
24–42 m in diameter and NASA’s successor to the Hubble Space Telescope,
the James Webb Space Telescope (JWST). In addition, several observational
groups around the globe are constructing radio arrays that will be capable of

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 19
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INTRODUCTION AND COSMOLOGICAL BACKGROUND 5

mapping the three-dimensional distribution of cosmic hydrogen left over from
the Big Bang in the infant Universe. These arrays are aiming to detect the
long-wavelength (redshifted 21-cm) radio emission from hydrogen atoms. Co-
incidentally, this long wavelength (or low frequency) overlaps the band used
for radio and television broadcasting, and so these telescopes include arrays
of regular radio antennas that one can find in electronics stores. These an-
tennas will reveal how the clumpy distribution of neutral hydrogen evolved
with cosmic time. By the time the Universe was a few hundreds of millions of
years old, the hydrogen distribution had been punched with holes and resem-
bled Swiss cheese. These holes were created by the ultraviolet radiation from
the first galaxies and black holes, which ionized the cosmic hydrogen in their
vicinity.

Theoretical research has focused in recent years on predicting the signals
expected from the telescopes described and on providing motivation for these
ambitious observational projects.

All these predictions are generated in the context of the modern cosmological
paradigm, which turns the Big Bang model into a quantitative tool for under-
standing our Universe. In the remainder of this chapter, we briefly describe the
essential aspects of this paradigm for understanding the formation of the first
galaxies in the Universe.

1.2 Standard Cosmological Model

1.2.1 Cosmic Perspective

In 1915 Einstein formulated the general theory of relativity. He was inspired by
the fact that all objects follow the same trajectories under the influence of grav-
ity (the so-called equivalence principle, which by now has been tested to better
than one part in a trillion), and realized that this would be a natural result if
space–time is curved under the influence of matter. He wrote an equation de-
scribing how the distribution of matter (on one side of his equation) determines
the curvature of space–time (on the other side of his equation). Einstein then
applied his equation to describe the global dynamics of the Universe.

There were no computers available in 1915, and Einstein’s equations for the
Universe were particularly difficult to solve in the most general case. To get
around this obstacle Einstein considered the simplest possible Universe, one
that is homogeneous and isotropic. Homogeneity means uniform conditions
everywhere (at any given time), and isotropy means the same conditions in all
directions seen from one vantage point. The combination of these two simpli-
fying assumptions is known as the cosmological principle.

The Universe can be homogeneous but not isotropic: for example, the ex-
pansion rate could vary with direction. It can also be isotropic and not ho-
mogeneous: for example, we could be at the center of a spherically symmetric
mass distribution. But if it is isotropic around every point, then it must also be
homogeneous.
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Under the simplifying assumptions associated with the cosmological prin-
ciple, Einstein and his contemporaries were able to solve the equations. They
were looking for their “lost keys” (solutions) under a convenient “lamppost”
(simplifying assumptions), but the real Universe is not bound by any contract
to be the simplest that we can imagine. In fact, it is truly remarkable in the first
place that we dare describe the conditions across vast regions of space based on
the blueprint of the laws of physics that describe the conditions here on Earth.
Our daily life teaches us too often that we fail to appreciate complexity, and that
an elegant model for reality is often too idealized for describing the truth (along
the lines of approximating a cow as a spherical object).

In 1915 Einstein had the wrong notion of the Universe; at the time people
associated the Universe with the Milky Way galaxy and regarded all the “spiral
nebulae,” which we now know are distant galaxies, as constituents of our own
Milky Way galaxy. Because the Milky Way is not expanding, Einstein attempted
to reproduce a static universe with his equations. This turned out to be possi-
ble only after he added a cosmological constant, whose negative gravity would
exactly counteract that of matter. However, Einstein later realized that this solu-
tion is unstable: a slight enhancement in density would make the density grow
even further. As it turns out, there are no stable static solutions to Einstein’s
equations for a homogeneous and isotropic Universe. The Universe must be
either expanding or contracting. Less than a decade later, Edwin Hubble dis-
covered that the nebulae previously considered to be constituents of the Milky
Way galaxy are receding from us at a speed v that is proportional to their dis-
tance r , namely, v = H0r , whereH0 is a spatial constant (which can evolve with
time), commonly termed the Hubble constant.i Hubble’s data indicated that the
Universe is expanding. (Hubble also resolved individual bright stars in these
nebulae, unambiguously determining their nature and their vast distances from
the Milky Way.)

Einstein was remarkably successful in asserting the cosmological principle.
As it turns out, our latest data indicate that the real Universe is homogeneous
and isotropic on the largest observable scales to within one part in 105. In par-
ticular, isotropy is well established for the distribution of faint radio sources,
optical galaxies, the X-ray background, and most important, the cosmic mi-
crowave background (CMB). The constraints on homogeneity are less strict,
but a cosmological model in which the Universe is isotropic and significantly
inhomogeneous in spherical shells around our special location is also excluded
based on surveys of galaxies and quasars. Fortuitously, Einstein’s simplifying
assumptions turned out to be extremely accurate in describing reality: the keys
were indeed lying next to the lamppost. Our Universe happens to be the sim-
plest we could have imagined, for which Einstein’s equations can easily be
solved.

iThe redshift data examined by Hubble was mostly collected by Vesto Slipher a decade earlier and
only partly by Hubble’s assistant, Milton L. Humason. The linear local relation between redshift
and distance (based on Hubble and Humason’s data) was first formulated by Georges Lemaître in
1927, 2 years prior to the observational paper written by Hubble and Humason.
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Why was the Universe prepared to be in this special state? Cosmologists were
able to go one step further and demonstrated that an early phase transition,
called cosmic inflation—during which the expansion of the Universe accelerated
exponentially—could have naturally produced the conditions postulated by the
cosmological principle (although other explanations also may create such con-
ditions). One is left to wonder whether the existence of inflation is just a fortu-
nate consequence of the fundamental laws of nature, or whether perhaps the
special conditions of the specific region of space–time we inhabit were selected
out of many random possibilities elsewhere by the prerequisite that they allow
our existence. The opinions of cosmologists on this question are split.

1.2.2 Origin of Structure

Hubble’s discovery of the expansion of the Universe has immediate implica-
tions for the past and future of the Universe. If we reverse in our mind the
expansion history back in time, we realize that the Universe must have been
denser in its past. In fact, there must have been a point in time where the mat-
ter density was infinite, at the moment of the so-called Big Bang. Indeed, we
do detect relics from a hotter, denser phase of the Universe in the form of light
elements (such as deuterium, helium, and lithium) as well as the CMB. At early
times, this radiation coupled extremely well to the cosmic gas and produced a
spectrum known as a blackbody, a form predicted a century ago to characterize
matter and radiation in equilibrium. The CMB provides the best example of a
blackbody spectrum we have.

To get a rough estimate of when the Big Bang occurred, we may simply divide
the distance of all galaxies by their recession velocity. This calculation gives a
unique answer, ∼ r/v ∼ 1/H0, that is independent of distance.ii The latest
measurements of the Hubble constant give a value of H0 ≈ 70 km s−1 Mpc−1,
which implies a current age for the Universe 1/H0 of 14 billion years (or 5×1017

seconds).
The second implication concerns our future. A fortunate feature of a spher-

ically symmetric Universe is that when considering a sphere of matter in it,
we are allowed to ignore the gravitational influence of everything outside this
sphere. If we empty the sphere and consider a test particle on the boundary of
an empty void embedded in a uniform Universe, the particle will experience no
net gravitational acceleration. This result, known as Birkhoff’s theorem, is remi-
niscent of Newton’s “iron sphere theorem.” It allows us to solve the equations
of motion for matter on the boundary of the sphere through a local analysis
without worrying about the rest of the Universe. Therefore, if the sphere has ex-
actly the same conditions as the rest of the Universe, we may deduce the global
expansion history of the Universe by examining its behavior. If the sphere is

iiAlthough this is an approximate estimate, it turns out to be within a few percent of the true
age of our Universe owing to a coincidence. The cosmic expansion at first decelerated and then
accelerated, with the two almost canceling each other at the present time, giving the same age as if
the expansion were at a constant speed (as would be strictly true only in an empty Universe).
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slightly denser than the mean, we will infer how its density contrast will evolve
relative to the background Universe.

For the moment, let us ignore the energy density of the vacuum (which is al-
ways a good approximation at sufficiently early cosmic times, when matter was
denser). Then, the equation describing the motion of a spherical shell of matter
is identical with the equation of motion of a rocket launched from the surface
of the earth. The rocket will escape to infinity if its kinetic energy exceeds its
gravitational binding energy, making its total energy positive. However, if its
total energy is negative, the rocket will reach a maximum height and then fall
back. To deduce the future evolution of the Universe, we need to examine the
energy of a spherical shell of matter relative to the origin. With a uniform den-
sity ρ, a spherical shell of radius r has a total massM = ρ× (

4πr3/3
)

enclosed
within it. Its energy per unit mass is the sum of the kinetic energy due to its ex-
pansion speed v = Hr , (1/2)v2, and its potential gravitational energy, −GM/r
(whereG is Newton’s constant), namely,E = v2/2−GM/r . By substituting the
preceding relations for v and M , we can easily show that E = (1/2)v2(1 − �),
where� = ρ/ρc, and ρc = 3H 2/8πG is defined as the critical density. We there-
fore find that there are three possible scenarios for the cosmic expansion. The
Universe has either (i) � > 1, making it gravitationally bound with E < 0—
such a “closed Universe” will turn around and end up collapsing toward a “big
crunch”; (ii) � < 1, making it gravitationally unbound with E > 0—such an
“open Universe” will expand forever; or the borderline case, (iii) � = 1, making
the Universe marginally bound or “flat” with E = 0.

Einstein’s equations relate the geometry of space to its matter content
through the value of �: an open Universe has the geometry of a saddle with
a negative spatial curvature, a closed Universe has the geometry of a spherical
globe with a positive curvature, and a flat Universe has a flat geometry with no
curvature. Our observable section of the Universe appears to be flat.

Now we are in a position to understand how objects like the Milky Way galaxy
formed out of small density inhomogeneities that are amplified by gravity.

Let us consider for simplicity the background of a marginally bound (flat)
Universe dominated by matter. In such a background, only a slight enhance-
ment in density is required to exceed the critical density ρc. Because of
Birkhoff’s theorem, a spherical region denser than the mean will behave as
if it is part of a closed Universe and will increase its density contrast with time,
while an underdense spherical region will behave as if it is part of an open
Universe and will appear more vacant with time relative to the background, as
illustrated in Figure 1.2. Starting with slight density enhancements that bring
them above the critical value, ρc, the overdense regions will initially expand,
reach a maximum radius, and then collapse on themselves (like the trajectory
of a rocket launched straight up, away from the center of the earth). An initially
slightly inhomogeneous Universe will end up clumpy, with collapsed objects
forming out of overdense regions. The material to make the objects is drained
out of the intervening underdense regions, which end up as voids.

The Universe we live in started with primordial density perturbations of a
fractional amplitude ∼10−5 when the cosmic microwave background last scat-
tered. The overdensities were amplified at late times (once matter dominated
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Figure 1.2 Top: Schematic illustration of the growth of perturbations to collapsed ha-
los through gravitational instability. The overdense regions initially expand,
reach a maximum size, and then turn around and collapse to form gravita-
tionally bound halos if their density exceeds a critical threshold (see §3.1).
The material that makes the halos originated in the voids that separate them.
Middle: A simple model for the collapse of a spherical region. The dynamical
fate of a rocket launched from the surface of the earth depends on the sign
of its energy per unit mass, E = (1/2)v2 −GM⊕/r . The behavior of a spher-
ical shell of matter on the boundary of an overdense region (embedded in a
homogeneous and isotropic Universe) can be analyzed in a similar fashion.
Bottom: A collapsing region may end up as a galaxy, like NGC 4414, shown
here. (Courtesy of NASA and ESA.) The halo gas cools and condenses to a
compact disk surrounded by an extended dark matter halo.
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the cosmic mass budget) up to values close to unity and collapsed to make ob-
jects, first on small scales. We have not yet seen the first small galaxies that
started the process that eventually led to the formation of big galaxies like the
Milky Way. The search for the first galaxies is a search for our origins and the
main subject of this book.

Beyond being uniform, the early Universe was simple in one additional way:
the process of Big Bang nucleosynthesis produced the first atomic nuclei, but
these were mostly hydrogen and helium (with ∼93% of those atoms in the
form of hydrogen). However, life as we know it on planet Earth requires water.
The water molecule includes oxygen, an element that was not made in the Big
Bang and did not exist until the first stars had formed. Therefore, our form of
life could not have existed in the first hundred million years after the Big Bang,
before the first stars had formed. There is also no guarantee that life will persist
in the distant future.

1.2.3 Geometry of Space

The history and fate of our Universe are thus tied inexorably to its contents—
be it matter, dark energy, or something even more exotic. However, measur-
ing the average density of the Universe is extraordinarily difficult. Fortunately,
Einstein’s equations show that the contents of the Universe are also tied to its
geometry—so measuring the latter would indirectly constrain its components.

How can we tell the difference between the flat surface of a book and the curved
surface of a balloon? A simple way is to draw a triangle of straight lines between
three points on those surfaces and measure the sum of the three angles of the
triangle. The Greek mathematician Euclid demonstrated that the sum of these
angles must be 180◦ (or π radians) on a flat surface. Twenty-one centuries later,
the German mathematician Bernhard Riemann extended the field of geome-
try to curved spaces, which played an important role in the development of
Einstein’s general theory of relativity. For a triangle drawn on a positively curved
surface, like that of a balloon, the sum of the angles is larger than 180◦. (This
can easily be figured out by examining a globe and noticing that any line con-
necting one of the poles to the equator opens an angle of 90◦ relative to the
equator. Adding the third angle in any triangle stretched between the pole and
the equator would surely result in a total of more than 180◦.) According to
Einstein’s equations, the geometry of the Universe is dictated by its matter
content; in particular, the Universe is flat only if the total � equals unity. Is
it possible to draw a triangle across the entire Universe and measure its geometry?

Remarkably, the answer is yes. At the end of the twentieth century cosmolo-
gists were able to perform this experiment by adopting a simple yardstick pro-
vided by the early Universe. The familiar experience of dropping a stone in
the middle of a pond results in a circular wave crest that propagates outward.
Similarly, perturbing the smooth Universe at a single point at the Big Bang
would have resulted in the propogation of a spherical sound wave outward
from that point. The wave would have traveled at the speed of sound, which
was of the order of the speed of light c (or, more precisely, c/

√
3) early on
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when radiation dominated the cosmic mass budget. At any given time, all the
points extending to the distance traveled by the wave are affected by the original
pointlike perturbation. The conditions outside this “sound horizon” will remain
uncorrelated with the central point, because acoustic information has not yet
been able to reach them. The temperature fluctuations of the CMB trace the
simple sum of many such pointlike perturbations that were generated in the
Big Bang. The patterns they delineate will therefore show a characteristic corre-
lation scale, corresponding to the sound horizon at the time when the CMB was
produced, 400,000 years after the Big Bang. By measuring the apparent angular
scale of this “standard ruler” on the sky, known as the acoustic peak in the CMB,
and comparing it with theory, experimental cosmologists inferred from the sim-
ple geometry of triangles that the Universe is flat (or at least very close to it).

The inferred flatness may be a natural consequence of the early period of cos-
mic inflation during which any initial curvature was flattened. Indeed, a small
patch of a fixed size (representing our current observable region in the cosmo-
logical context) on the surface of a vastly inflated balloon would appear nearly
flat. The sum of the angles on a nonexpanding triangle placed on this patch
would get arbitrarily close to 180◦ as the balloon inflated.

Even though we now know that our Universe is very close to being flat, this
flatness only constrains the cumulative energy density in the Universe; it tells
us very little about how that energy is distributed among the different compo-
nents, such as baryons, other forms of matter, and dark energy. We must probe
our Universe in other ways to learn about this distribution.

1.2.4 Observing Our Past: Cosmic Archaeology

Our Universe is the simplest possible on two counts: it satisfies the cosmo-
logical principle, and it has a flat geometry. The mathematical description of
an expanding, homogeneous, and isotropic Universe with a flat geometry is
straightforward. We can imagine filling up space with clocks that are all syn-
chronized. At any given snapshot in time the physical conditions (density, tem-
perature) are the same everywhere. But as time goes on, the spatial separation
between the clocks will increase. The stretching of space can be described by a
time-dependent scale factor, a(t). A separation measured at time t1 as r(t1) will
appear at time t2 to have a length r(t2) = r(t1)[a(t2)/a(t1)].

A natural question to ask is whether our human bodies or even the solar sys-
tem is also expanding as the Universe expands. The answer is no, because these
systems are held together by forces whose strength far exceeds the cosmic force.
The mean density of the Universe today, ρ̄, is 29 orders of magnitude smaller
than the density of our body. Not only are the electromagnetic forces that keep
the atoms in our body together far greater than the force of gravity, but even
the gravitational self-force of our body on itself overwhelms the cosmic influ-
ence. Only on very large scales does the cosmic gravitational force dominate the
scene. This also implies that we cannot observe the cosmic expansion with a lo-
cal laboratory experiment; to notice the expansion we need to observe sources
spread over the vast scales of millions of light-years.
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The space–time of an expanding homogeneous and isotropic flat Universe
can be described very simply. Because of the cosmological principle, we can es-
tablish a unique time coordinate throughout space by distributing clocks that
are all synchronized throughout the Universe, so that each clock will measure
the same time t since the Big Bang. The space–time (four–dimensional) line
element ds, commonly defined to vanish for a photon, is described by the
Friedmann-Robertson-Walker (FRW) metric,

ds2 = c2dt2 − d�2, (1.1)

where c is the speed of light and d� is the spatial line element. The cosmic
expansion can be incorporated through a scale factor a(t) that multiplies the
fixed (x, y, z) coordinates tagging the clocks, which are themselves “comoving”
with the cosmic expansion. For a flat space,

d�2 = a(t)2(dx2 + dy2 + dz2) = a2(t)(dR2 + R2d�), (1.2)

where d� = dθ2 + sin2 θ dφ2, (R, θ, φ) are the comoving spherical coordinates
centered on the observer, and (x, y, z) = (R cos θ, R sin θ cosφ,R sin θ sinφ).
Throughout this book, we quote distances in these comoving units—as opposed
to their time-varying proper equivalents—unless otherwise specified.

A source located at a separation r = a(t)R from us will move at a velocity
v = dr/dt = ȧR = (ȧ/a)r , where ȧ = da/dt . Here r is a time-independent
tag denoting the present-day distance of the source (when a(t) ≡ 1). Defining
H = ȧ/a, which is constant in space, we recover the Hubble expansion law
v = Hr .

Edwin Hubble measured the expansion of the Universe using the Doppler
effect. We are all familiar with the same effect for sound waves: when a moving
car sounds its horn, the pitch (frequency) we hear is different when the car
is approaching us than when it is receding from us. Similarly, the wavelength
of light depends on the velocity of the source relative to us. As the Universe
expands, a light source will move away from us, and its Doppler effect will
change with time. The Doppler formula for a nearby source of light (with a
recession speed much smaller than the speed of light) gives

�m

m
≈ −�v

c
= −

(
ȧ

a

) ( r
c

)
= − (ȧ�t)

a
= −�a

a
, (1.3)

with the solution m ∝ a−1. Correspondingly, the wavelength scales as λ =
(c/m) ∝ a. We could have anticipated this outcome, since a wavelength can
be used as a measure of distance and should therefore be stretched as the
Universe expands. This relation holds also for the de Broglie wavelength, λdB =
(h/p) ∝ a, characterizing the quantum-mechanical wavefunction of a massive
particle with momentum p (where h is Planck’s constant). Consequently, the
kinetic energy of a nonrelativistic particle scales as (p2/2mp) ∝ a−2. Thus, in
the absence of heat exchange with other systems, the temperature of a gas of
nonrelativistic protons and electrons will cool faster (∝ a−2) than the CMB tem-
perature (hm ∝ a−1) as the Universe expands and a increases. The redshift z is
defined through the factor (1+z) by which the photon wavelength was stretched
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(or its frequency reduced) between its emission and observation times. If we
define a = 1 today, then a = 1/(1 + z) at earlier times. Higher redshifts cor-
respond to a higher recession speed of the source relative to us (that ultimately
approaches the speed of light when the redshift goes to infinity), which in turn
implies a larger distance (that ultimately approaces our horizon, which is the
distance traveled by light since the Big Bang) and an earlier emission time of
the source for the photons to reach us today.

We see high-redshift sources as they looked at early cosmic times. Observa-
tional cosmology is like archaeology—the deeper we look into space, the more
ancient the clues about our history are (see Figure 1.3).iii But there is a limit to
how far back we can see: we can image the Universe only if it is transparent.
Earlier than 400,000 years after the Big Bang, the cosmic gas was sufficiently
hot to be fully ionized, and the Universe was opaque owing to scattering by
the dense fog of free electrons that filled it. Thus, telescopes cannot be used to
image the infant Universe at earlier times (at redshifts > 103). The earliest pos-
sible image of the Universe can be seen in the cosmic microwave background,
the thermal radiation left over from the transition to transparency (Figure 1.1).
The first galaxies are believed to have formed long after that.

The expansion history of the Universe is captured by the scale factor a(t).
We can write a simple equation for the evolution of a(t) based on the behavior
of a small region of space. For that purpose we need to incorporate the fact
that in Einstein’s theory of gravity, not only does mass density ρ gravitate but
pressure p does as well. In a homogeneous and isotropic Universe, the quantity
ρgrav = (ρ+3p/c2) plays the role of the gravitating mass density ρ of Newtonian
gravity. There are several examples to consider. For a radiation fluid,iv prad/c

2 =
(1/3)ρrad, which implies that ρgrav = 2ρrad.

However, if the vacuum has a nonzero energy density that is constant in
space and time, the cosmological constant, then the pressure of the vacuum is
negative, because by opening up a new volume increment �V one gains an en-
ergy ρvacc

2�V instead of losing it, as is the case for normal fluids that expand
into more space. In thermodynamics, pressure is derived from the deficit in en-
ergy per unit of new volume, which in this case gives pvac/c

2 = −ρvac. This rela-
tion in turn leads to another reversal of signs, ρgrav = (ρvac+3pvac/c

2) = −2ρvac,
which may be interpreted as repulsive gravity! This surprising result gives rise
to the phenomenon of accelerated cosmic expansion, which characterized the
early period of cosmic inflation as well as the latest 6 billion years of cosmic
history.

iiiCosmology and archaeology share another similarity: both are observational, rather than experi-
mental, sciences. Thus, we are forced to interpret the complicated physics of actual systems rather
than design elegant experiments that can answer targeted questions. Although simplified models
can be built in the laboratory (or even inside computers), the primary challenge of cosmology is
figuring out how to extract useful information from real and complex systems that cannot be artifi-
cially altered.
ivThe momentum of each photon is 1/c of its energy. The pressure is defined as the momentum
flux along one dimension out of three and is therefore given by (1/3)ρradc

2, where ρrad is the
equivalent mass density of the radiation.
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Figure 1.3 Cosmic archaeology of the observable volume of the Universe, in comov-
ing coordinates (which factor out the cosmic expansion). The outermost
observable boundary (z = ∞) marks the comoving distance that light has
traveled since the Big Bang. Future observatories aim to map most of the
observable volume of our Universe and to improve dramatically the statis-
tical information we have about the density fluctuations within it. Existing
data on the CMB probe mainly a very thin shell at the hydrogen recombi-
nation epoch (z ∼ 103, beyond which the Universe is opaque), and current
large-scale galaxy surveys map only a small region near us at the center of
the diagram. The formation epoch of the first galaxies that culminated with
hydrogen reionization at a redshift z ∼ 10 is shaded dark gray. Note that the
comoving volume out to any of these redshifts scales as the distance cubed.

As the Universe expands and the scale factor increases, the matter mass den-
sity declines inversely with volume, ρmatter ∝ a−3, whereas the radiation energy
density (which includes the CMB and three species of relativistic neutrinos)
decreases as ρradc

2 ∝ a−4, because not only is the density of photons diluted
as a−3, but the energy per photon hm = hc/λ (where h is Planck’s constant)
declines as a−1. Today ρmatter is larger than ρrad (assuming massless neutrinos)
by a factor of ∼3,300, but at (1 + z) ∼3,300 the two were equal, and at even
higher redshifts the radiation dominated. Since a stable vacuum does not get
diluted with cosmic expansion, the present-day ρvac remained a constant and
dominated over ρmatter and ρrad only at late times (whereas the unstable “false
vacuum” that dominated during inflation decayed when inflation ended).
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In this book, we will primarily be concerned with the cosmic dawn, or the
era in which the first galaxies formed at z ∼ 6–30. At these early times, the
cosmological constant was very small compared with the matter densities and
can generally be ignored.

1.3 Milestones in Cosmic Evolution

The gravitating mass, Mgrav = ρgravV , enclosed by a spherical shell of radius
r(t) = a(t) and volume V = (4π/3)a3, induces an acceleration

d2a

dt2
= −GMgrav

a2
. (1.4)

Since ρgrav = ρ+3p/c2, we need to know how pressure evolves with the expan-
sion factor a(t). We obtain this information from the thermodynamic relation
mentioned previously between the change in the internal energy d(ρc2V ) and
the p dV work done by the pressure, d(ρc2V ) = −p dV . This relation implies
−3paȧ/c2 = a2ρ̇ + 3ρaȧ, where an overdot denotes a time derivative. Multi-
plying equation (1.4) by ȧ and making use of this relation yields our familiar
result

E = 1

2
ȧ2 − GM

a
, (1.5)

where E is a constant of integration, and M ≡ ρV . As discussed before, the
spherical shell will expand forever (being gravitationally unbound) if E ≥ 0 but
will eventually collapse (being gravitationally bound) if E < 0. Making use of
the Hubble parameter, H = ȧ/a, we can rewrite equation (1.5) as

E

ȧ2/2
= 1 −�, (1.6)

where � = ρ/ρc, with

ρc = 3H 2

8πG
= 9.2 × 10−30 g

cm3

(
H

70 km s−1Mpc−1

)2

. (1.7)

If we denote the present contributions to � from matter (including cold dark
matter as well as a contribution �b from ordinary matter of protons and neu-
trons, or “baryons”), vacuum density (cosmological constant), and radiation, with
�m, �	, and �r , respectively, a flat universe with E = 0 satisfies

H(t)

H0
=

[
�m

a3
+�	 + �r

a4

]1/2

, (1.8)

where we defineH0 and�0 = (�m+�	+�r) = 1 to be the present-day values
of H and �, respectively.

In the particularly simple case of a flat Universe, we find that if matter dom-
inates (i.e., �0 = 1), then a ∝ t2/3; if radiation dominates, then a ∝ t1/2;
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and if the vacuum density dominates, then a ∝ exp{Hvact}, where Hvac =
(8πGρvac/3)1/2 is a constant. After inflation ended, the mass density of our
Universe, ρ, was at first dominated by radiation at redshifts z > 3,300, by mat-
ter at 0.3 < z < 3,300, and finally by the vacuum at z < 0.3. The vacuum had
already started to dominate ρgrav at z < 0.7, or 6 billion years ago. Figure 1.6
illustrates the mass budget in the present-day Universe and during the epoch
when the first galaxies formed.

The preceding results for a(t) have two interesting implications. First, we
can calculate the relationship between the time since the Big Bang and redshift,
since a = (1 + z)−1. For example, during the matter-dominated era (1 < z <

103, with the low-z end set by the condition [1 + z] 
 [�	/�m]1/3),

t ≈ 2

3H0�m
1/2(1 + z)3/2

= 0.95 × 109 yr

[(1 + z)/7]3/2
. (1.9)

In this same regime, where �m ≈ 1, H ≈ 2/(3t), and a = (1 + z)−1 ≈
(3H0

√
�m/2)2/3t2/3.

Second, we note the remarkable exponential expansion for a vacuum-
dominated phase. This accelerated expansion serves an important purpose in
explaining a few puzzling features of our Universe. We have already noticed
that our Universe was prepared in a very special initial state: nearly isotropic
and homogeneous, with � close to unity and a flat geometry. In fact, it took
the CMB photons nearly the entire age of the Universe to travel toward us.
Therefore, it should take them twice as long to bridge their points of origin on
opposite sides of the sky. How is it possible then that the conditions of the Uni-
verse (as reflected in the nearly uniform CMB temperature) were prepared to be the
same in regions that were never in causal contact before? Such a degree of organiza-
tion is highly unlikely to occur at random. If we receive our clothes ironed and
folded neatly, we know that there must have a been a process that caused this
to happen. Cosmologists have identified an analogous “ironing process” in the
form of cosmic inflation. This process is associated with an early period dur-
ing which the Universe was dominated temporarily by the mass density of an
elevated vacuum state and experienced exponential expansion by at least ∼60 e-
folds. This vast expansion “ironed out” any initial curvature of our environment
and generated a flat geometry and nearly uniform conditions across a region far
greater than our current horizon. After the elevated vacuum state decayed, the
Universe became dominated by radiation.

The early epoch of inflation was important not just in producing the global
properties of the Universe but also in generating the inhomogeneities that
seeded the formation of galaxies within it. The vacuum energy density that had
driven inflation encountered quantum-mechanical fluctuations. After the per-
turbations were stretched beyond the horizon of the infant Universe (which
today would have occupied a size no bigger than a human hand), they mate-
rialized as perturbations in the mass density of radiation and matter. The last
perturbations to leave the horizon during inflation eventually reentered after
inflation ended (when the scale factor grew more slowly than ct). It is tantaliz-
ing to contemplate the notion that galaxies, which represent massive classical
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objects with ∼1067 atoms in today’s Universe, might have originated from sub-
atomic quantum-mechanical fluctuations at early times.

After inflation, an unknown process, called “baryogenesis” or “leptogenesis,”
generated an excess of particles (baryons and leptons) over antiparticles.v As
the Universe cooled to a temperature of hundreds of millions of electron-volts
(where 1 MeV/kB = 1.1604 × 1010 K), protons and neutrons condensed out of
the primordial quark–gluon plasma through the so-called quantum chromody-
namics (QCD) phase transition. At about one second after the Big Bang, the
temperature declined to ∼1 MeV, and the weakly interacting neutrinos decou-
pled. Shortly afterward, the abundance of neutrons relative to protons froze,
and electrons and positrons annihilated one another. In the next few minutes,
nuclear fusion reactions produced light elements more massive than hydrogen,
such as deuterium, helium, and lithium, in abundances that match those ob-
served today in regions where gas has not been processed subsequently through
stellar interiors. Although the transition to matter domination occurred at a red-
shift z ∼ 3,300, the Universe remained hot enough for the gas to be ionized,
and electron–photon scattering effectively coupled ordinary matter and radia-
tion. At z ∼ 1,100 the temperature dipped below ∼3,000 K, and free electrons
recombined with protons to form neutral hydrogen atoms. As soon as the dense
fog of free electrons was depleted, the Universe became transparent to the relic
radiation, which is observed at present as the CMB. These milestones of the
thermal history are depicted in Figure 1.4.

The Big Bang is the only known event in our past history in which particles
interacted with center-of-mass energies approaching the so-called Planck scalevi

[(hc5/G)1/2 ∼ 1019 GeV], at which quantum mechanics and gravity are expected
to be unified. Unfortunately, the exponential expansion of the Universe during
inflation erased memory of earlier cosmic epochs, such as the Planck time.

1.3.1 Luminosity and Angular-Diameter Distances

When we look at our image reflected off a mirror at a distance of 1 m, we see the
way we looked 6 nanoseconds ago, the time it took light to travel to the mirror
and back. If the mirror is spaced 1019 cm = 3 pc away, we will see the way we
looked 21 years ago. Light propagates at a finite speed, so by observing distant
regions, we are able to see what the Universe looked like in the past, a light-
travel time ago (see Figure 1.3). The statistical homogeneity of the Universe on
large scales guarantees that what we see far away is a fair statistical represen-
tation of the conditions that were present in our region of the Universe a long
time ago.

This fortunate situation makes cosmology an empirical science. We do not
need to guess how the Universe evolved. By using telescopes we can simply see

vThe origin of the asymmetry in the cosmic abundance of matter over antimatter is still an unre-
solved puzzle.
viThe Planck energy scale is obtained by equating the quantum-mechanical wavelength of a rel-
ativistic particle with energy E, namely, hc/E, to its “black hole” radius, ∼GE/c4, and solving
for E.
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Figure 1.4 Following inflation, the Universe went through several other milestones that
left a detectable record. These include baryogenesis (which resulted in the
observed asymmetry between matter and antimatter), the electroweak phase
transition (during which the symmetry between electromagnetic and weak
interactions was broken), the QCD phase transition (during which protons
and neutrons nucleated out of a soup of quarks and gluons), the dark mat-
ter decoupling epoch (during which the dark matter decoupled thermally
from the cosmic plasma), neutrino decoupling, electron–positron annihila-
tion, light-element nucleosynthesis (during which helium, deuterium, and
lithium were synthesized), and hydrogen recombination. The cosmic time
and CMB temperature of the various milestones are marked. Wavy lines and
question marks indicate milestones with uncertain properties. The signa-
tures that the same milestones left in the Universe are used to constrain its
parameters.

the way distant regions appeared at earlier cosmic times. Since a greater dis-
tance means a fainter flux from a source of a fixed luminosity, the observation of
the earliest sources of light requires the development of sensitive instruments
and poses technological challenges to observers.

How faint will the earliest galaxies appear to our telescopes? In an expanding
Universe there is some ambiguity as to which “distance” is most relevant. For
example, the framework we described earlier—in which the clocks are synchro-
nized relative to the Big Bang—is not appropriate for observations, because
light has a finite speed, so that a signal emitted from one clock at time tA will
be observed by another clock at a time tB > tA. Which of these times should we
use to compute the scale factor in a distance formula? Moreover, the method of
observation influences the choice of the relevant distance, because the photons
themselves evolve as they travel.

To answer these questions, we can easily express the flux observed from a
galaxy of luminosity L at a redshift z. The observed flux (energy per unit time
per unit telescope area) is obtained by spreading the energy emitted from the
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source per unit time, L, over the surface area of a sphere whose radius equals
the effective distance of the source,

f = L

4πd2
L

, (1.10)

where dL is defined as the luminosity distance in cosmology. For a flat Universe,
the comoving distance of a galaxy that emitted its photons at a time tem and is
observed at time tobs is obtained by summing over infinitesimal distance ele-
ments along the path length of a photon, c dt , each expanded by a factor (1 + z)
to the present time (corresponding to setting ds2 = 0 in equation 1.1 for a
photon trajectory):

Rem =
∫ tobs

tem

c dt

a(t)
= c

H0

∫ z

0

dz′
√
�m(1 + z′)3 +�	

, (1.11)

where a = (1 + z)−1. The angular-diameter distance dA, corresponding to the
angular diameter θ = D/dA occupied by a galaxy of size D, must take into
account the fact that we were closer to that galaxyvii by a factor (1 + z) when
the photons started their journey at a redshift z, so it is simply given by dA =
Rem/(1 + z). But to find dL we must take account of additional redshift factors.

If a galaxy has an intrinsic luminosity L, then it will emit an energy Ldtem

over a time interval dtem. This energy is redshifted by a factor of (1 + z) and is
observed over a longer time interval dtobs = dtem(1 + z) after being spread over
a sphere of surface area 4πR2

em. Thus, the observed flux will be

f = Ldtem/(1 + z)

4πR2
emdtobs

= L

4πR2
em(1 + z)2

, (1.12)

which implies that

dL = Rem(1 + z) = dA(1 + z)2. (1.13)

Unfortunately, for a flat universe with a cosmological constant, these distance
integrals cannot be expressed analytically. However, a convenient numerical
approximation, valid to 0.4% relative error in the range 0.2 ≤ �m ≤ 1 (where
�m is the total matter density) is1

dL = c

H0
a−1 [η(1,�m)− η(a,�m)] , (1.14)

where

η(a,�m)=2
√
s3+1

[
1

a4
−0.1540

s

a3
+0.4304

s2

a2
+0.19097

s3

a
+0.066941s4

]−1/8

,

(1.15)

and s3 = 1/�m − 1.

viiIn a flat Universe, photons travel along straight lines. The angle at which a photon is seen is not
modified by the cosmic expansion, since the Universe expands at the same rate both parallel and
perpendicular to the line of sight.
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Figure 1.5 The solid line (corresponding to the label on the left-hand side) shows log10

of the conversion factor between the luminosity of a source and its observed
flux, 4πd2

L (in Gpc2), as a function of redshift, z. The dashed line (labeled
on the right) gives the angle θ (in arcseconds) occupied by a galaxy of 1 kpc
diameter as a function of redshift.

The area dilution factor 4πd2
L is plotted as a function of redshift in the solid

curve of Figure 1.5. If the observed flux is measured over only a narrow band
of frequencies, one needs to take account of the additional conversion factor
(1 + z) = (dmem/dmobs) between the emitted frequency interval dmem and its
observed value dmobs. This correction yields the relation (df/dmobs) = (1 + z)×
(dL/dmem)/(4πd2

L).
In practice, observed brightnesses are often expressed using the AB magni-

tude system. The conversion from flux density to AB magnitude is

AB = −2.5 log
[
df

dmobs

]
− 48.6, (1.16)

where the flux density is expressed in units of erg s−1 cm−2 Hz−1.

1.4 Most Matter Is Dark

Surprisingly, most of the matter in the Universe is not the same ordinary mat-
ter of which we are made (see Figure 1.6). If it were ordinary matter (which also
makes stars and diffuse gas), it would have interacted with light, thereby re-
vealing its existence to observations through telescopes. Instead, observations
of many different astrophysical environments require the existence of some
mysterious dark component of matter that reveals itself only through its grav-
itational influence and leaves no other clue about its nature. Cosmologists are
like detectives who find evidence for some unknown criminal at a crime scene
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Cold
dark matter

23%Ordinary
matter

5%
Cold dark matter
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Figure 1.6 Mass budgets of different components in the present-day Universe and in
the infant Universe when the first galaxies formed (redshifts z = 10–50).
The CMB radiation (not shown) makes up a fraction (∼0.03%) of the budget
today but was dominant at redshifts z > 3,300. The cosmological constant
(vacuum) contribution was negligible at high redshifts (z 
 1).

and are anxious to find his or her identity. The evidence for dark matter is clear
and indisputable, assuming that the laws of gravity are not modified (although
a small minority of scientists are exploring this alternative).

Without dark matter we would never have existed by now, because ordinary
matter is coupled to the CMB radiation that filled the early Universe. The diffu-
sion of photons on small scales smoothed out perturbations in this primordial
radiation fluid. The smoothing length was stretched to a scale as large as hun-
dreds of millions of light-years in the present-day Universe. This is a huge scale
by local standards, since galaxies—like the Milky Way—were assembled out of
matter in regions a hundred times smaller than that. Because ordinary matter
was coupled strongly to the radiation in the early dense phase of the Universe,
it also was smoothed on small scales. If there were nothing else in addition to
the radiation and ordinary matter, then this smoothing process would have had
a devastating effect on the prospects for life in our Universe. Galaxies like the
Milky Way would never have formed by the present time, since there would
have been no density perturbations on the relevant small scales to seed their
formation. The existence of dark matter not coupled to the radiation came to
the rescue by remembering the initial seeds of density perturbations on small
scales. In our neighborhood, these seed perturbations led eventually to the for-
mation of the Milky Way galaxy inside which the Sun was made as one out of
tens of billions of stars, and Earth was born out of the debris left over from
the formation process of the Sun. This sequence of events would never have
occurred without the dark matter.

We do not know what constitutes the dark matter, but from the good match
obtained between observations of large-scale structure and the equations de-
scribing a pressureless fluid (see equations 2.3–2.4), we infer that it is likely
made of particles with small random velocities. It is therefore called “cold dark
matter” (CDM). The popular view is that CDM is composed of particles that
weakly interact with ordinary matter, much like the elusive neutrinos we know
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to exist. The abundance of such particles would naturally “freeze out” at a tem-
perature T > 1 MeV, at which the Hubble expansion rate is comparable to the
annihilation rate of the CDM particles. Interestingly, such a decoupling tem-
perature, together with a weak interaction cross section and particle masses
of mc2 > 100 GeV (as expected for the lightest, and hence stable, supersym-
metric particle in simple extensions of the standard model of particle physics),
naturally leads through a Boltzmann suppression factor ∼ exp(−mc2/kBT )

to �m ∼ 1. The hope is that CDM particles, owing to their weak but nonva-
nishing coupling to ordinary matter, will nevertheless be produced in small
quantities through collisions of energetic particles in future laboratory exper-
iments such as the Large Hadron Collider (LHC). Other experiments are at-
tempting to detect directly the astrophysical CDM particles in the Milky Way
halo. A positive result from any of these experiments will be equivalent to our
detective friend’s being successful in finding a DNA sample of the previously
unidentified criminal.

The most popular candidate for the CDM particle is a weakly interacting
massive particle (WIMP). The lightest supersymmetric particle (LSP) could be
a WIMP. The CDM particle mass depends on free parameters in the particle
physics model; the LSP hypothesis will be tested at the Large Hadron Collider
or in direct detection experiments. The properties of the CDM particles affect
their response to the primordial inhomogeneities on small scales. The particle
cross section for scattering off standard model particles sets the epoch of their
thermal decoupling from the cosmic plasma.

In addition to dark matter, the observed acceleration in the current expansion
rate of the Universe implies that the vacuum contributes ∼72% of the cosmic
mass density at present. If the vacuum density will behave as a cosmological
constant, it will dominate even more in the future (since ρm/ρv ∝ a−3). The
exponential future expansion will carry all galaxies outside the local group out of
our horizon within ∼1011 years,2 and will stretch the characteristic wavelength
of the cosmic microwave background to be larger than the horizon in ∼ 1012

years.3

The dark ingredients of the Universe can be probed only indirectly through
a variety of luminous tracers. The distribution and nature of the dark matter
are constrained by detailed X-ray and optical observations of galaxies and galaxy
clusters. The evolution of the dark energy with cosmic time will be constrained
over the coming decade by surveys of Type Ia supernovae, as well as surveys of
X-ray clusters, up to a redshift of 2.

According to the standard cosmological model, the CDM behaves as a col-
lection of collisionless particles that started out at the epoch of matter dom-
ination with negligible thermal velocities and later evolved exclusively under
gravitational forces. The model explains how both individual galaxies and the
large-scale patterns in their distribution originated from the small initial density
fluctuations. On the largest scales, observations of the present galaxy distri-
bution have indeed found the same statistical patterns as seen in the CMB,
enhanced as expected by billions of years of gravitational evolution. On smaller
scales, the model describes how regions that were denser than average
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Table 1.1 Standard Set of Cosmological Parameters (defined and adopted throughout
the book). Based on Komatsu, E., et al., Astrophys. J. Suppl. 180, 330 (2009).

�	 �m �b h ns σ8

0.72 0.28 0.05 0.7 1 0.82

collapsed owing to their enhanced gravity and eventually formed gravitation-
ally bound halos, first on small spatial scales and later on larger ones. In this
hierarchical model of galaxy formation, the small galaxies formed first and then
merged, or accreted gas, to form larger galaxies. At each snapshot of this cos-
mic evolution, the abundance of collapsed halos, whose masses are dominated
by dark matter, can be computed from the initial conditions. The common un-
derstanding of galaxy formation is based on the notion that stars formed out of
the gas that cooled and subsequently condensed to high densities in the cores
of some of these halos.

Gravity thus explains how some gas is pulled into the deep potential wells
within dark matter halos and forms galaxies. One might naively expect that the
gas outside halos would remain mostly undisturbed. However, observations
show that it did not remain neutral (i.e., in atomic form) but was largely ion-
ized by the UV radiation emitted by the galaxies. The diffuse gas pervading the
space outside and between galaxies is referred to as the intergalactic medium
(IGM). For the first hundreds of millions of years after cosmological recombi-
nation (when protons and electrons combined to make neutral hydrogen), the
so-called cosmic dark ages, the universe was filled with diffuse atomic hydro-
gen. As soon as galaxies formed, they started to ionize diffuse hydrogen in their
vicinity. Within less than a billion years, most of the IGM was reionized. This
reionization epoch marks a crucial transition in the history of the Universe and
is a prime foucs of both modern astrophysics research and this book.

The initial conditions of the Universe can be summarized on a single sheet
of paper. The small number of parameters that provide an accurate statistical
description of these initial conditions are summarized in Table 1.1 (see also
Appendix B). However, thousands of books in libraries throughout the world
cannot summarize the complexities of galaxies, stars, planets, life, and intelli-
gent life in the present-day Universe. If we feed the simple initial cosmic con-
ditions into a gigantic computer simulation incorporating the known laws of
physics, we should be able to reproduce all the complexity that emerged out of
the simple early Universe. Hence, all the information associated with this later
complexity was encapsulated in those simple initial conditions. We will follow
the process through which late-time complexity appeared and established an
irreversible arrow to the flow of cosmic time.viii

viiiIn previous decades, astronomers used to associate the simplicity of the early Universe with the
fact that the data about it were scarce. Although this was true at the infancy of observational cos-
mology, it is not true any more. With much richer data in our hands, the initial simplicity is now
interpreted as an outcome of inflation.
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The basic question that cosmology attempts to answer is: What is the
composition of the Universe and what initial conditions generated the observed struc-
tures in it? The first galaxies were shaped, more than any other class of astro-
physical objects, by the pristine initial conditions and basic constituents of the
Universe. Studying the formation process of the first galaxies could reveal
unique evidence for new physics that has so far remained veiled in older galax-
ies by complex astrophysical processes.
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Linear Growth of Cosmological Perturbations

After cosmological recombination, the Universe entered the “dark ages,” during
which the relic CMB light from the Big Bang gradually faded away. During this
“pregnancy” period (which lasted hundreds of millions of years), the seeds of
small density fluctuations planted by inflation in the matter distribution grew
until they eventually collapsed to make the first galaxies. Here we describe the
first stages of that process and introduce the methods conventionally used to
describe these fluctuations.

2.1 Growth of Linear Perturbations

As discussed earlier, small perturbations in density grow owing to the unstable
nature of gravity. Overdense regions behave as if they reside in a closed Uni-
verse. Their evolution ends in a “big crunch,” which results in the formation of
gravitationally bound objects like the Milky Way galaxy.

Equation (1.6) explains the formation of galaxies out of seed density fluc-
tuations in the early Universe, at a time when the mean matter density was
very close to the critical value �m ≈ 1. Given that the mean cosmic density
was close to the threshold for collapse, a spherical region that was only slightly
denser than the mean behaved as if it was part of an� > 1 Universe and there-
fore eventually collapsed to make a bound object, like a galaxy. The material
from which objects are made originated in the underdense regions (voids) that
separate these objects (and which behaved as part of an � < 1 Universe), as
illustrated in Figure 1.2.

Observations of the CMB show that at the time of hydrogen recombination
the Universe was extremely uniform, with spatial fluctuations in the energy
density and gravitational potential of roughly one part in 105. These small fluc-
tuations grew over time during the matter-dominated era as a result of gravita-
tional instability and eventually led to the formation of galaxies and larger-scale
structures, observed today.

In describing the gravitational growth of perturbations in the matter-
dominated era (z � 3,300), we may consider small perturbations of a frac-
tional amplitude |δ| � 1 on top of the uniform background density ρ̄ of cold
dark matter. The three fundamental equations describing conservation of mass
and momentum along with the gravitational potential can then be expanded to
leading order in the perturbation amplitude. We distinguish between physical
(or proper) and comoving coordinates (the latter expand with the background
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Universe). In vector notation, the fixed coordinate r corresponds to a comoving
position x = r/a. We describe the cosmological expansion in terms of an ideal
pressureless fluid of particles, each of which is at fixed x, expanding with the
Hubble flow v = H(t)r, where v = dr/dt .

Onto this uniform expansion we impose small fractional density perturba-
tions

δ(r) = ρ(r)
ρ̄

− 1, (2.1)

where the mean fluid mass density is ρ̄, with a corresponding peculiar velocity
that describes the deviation from the Hubble flow u ≡ v − H r. The fluid is
then described by the continuity and Euler equations. In comoving coordinates,
where the bulk velocity vanishes, we have

∂δ

∂t
+ 1

a
∇ · [(1 + δ)u] = 0, (2.2)

∂u
∂t

+Hu + 1

a
(u · ∇)u = −1

a
∇φ − 1

aρ̄
∇(δp). (2.3)

The gravitational potential φ is given by the Newtonian Poisson equation in
terms of the density perturbation:

∇2φ = 4πGρ̄a2δ. (2.4)

The pressure p depends on the species under consideration. For cold dark mat-
ter, it vanishes; for an ideal gas of baryons at a fixed temperature, the pressure
perturbation is (δp) = c2

s δρ̄. The sound speed for a monatomic gas that obeys
the ideal gas equation of state p = nkTe and undergoes Hubble expansion is

c2
s = dp/da

dρ/da
= kBTe

µmp

(
1 − 1

3

d log Te
d log a

)
, (2.5)

where Te is the gas kinetic temperature, and µ is the mean molecular mass in
units of mp. (For primordial neutral gas including a mass fraction Yp = 0.24
of helium, µ = 1.22.) In this section we adopt this expression for the sound
speed, though we note that it assumes that the temperature traces the density
field (see §2.2.1 for a more exact treatment).

This fluid description is valid for describing the evolution of collisionless
cold dark matter particles until different particle streams cross. The crossing
typically occurs only after perturbations have grown to become nonlinear with
|δ| > 1, and at that point the individual particle trajectories must in general be
followed.

The combination of the preceding equations yields, to leading order in δ,

∂2δ

∂t2
+ 2H

∂δ

∂t
= 4πGρ̄δ − c2

s k
2

a2
δ, (2.6)

where the last term is the pressure force, which vanishes for cold dark mat-
ter. In general, this linear equation has two independent solutions, only one
of which grows in time. From random initial conditions this “growing mode”
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comes to dominate the density evolution. Thus, until it becomes nonlinear, the
density perturbation maintains its shape in comoving coordinates and grows
in amplitude in proportion to a growth factor D(t). The growth factor in a flat
(matter-dominated) Universe at z < 103 is given by 1

D(t) ∝
(
��a

3 +�m
)1/2

a3/2

∫ a

0

a′3/2 da′
(
��a′3 +�m

)3/2 . (2.7)

In the matter-dominated regime of the redshift range 1 < z < 103, the growth
factor is simply proportional to the scale factor a(t). The normalization is usu-
ally chosen to be relative to the perturbation amplitude at the present day; we
will discuss how to determine this factor §2.1.3.

In a flat Universe with a cosmological constant, this integral cannot be writ-
ten in closed form without special functions. However, an approximation accu-
rate to ∼2% in the range �m > 0.1 is D(z) = D(z)/(1 + z) with2

D(z) = 5�m(z)

2

[
�m(z)

4/7 −��(z)+ (1 +�m(z)/2)(1 +��(z)/70)
]−1

,

(2.8)
where (if �m +�� = 1)

�m(z)= �m(1 + z)3

�m(1 + z)3 +��
, (2.9)

��(z)= ��

�m(1 + z)3 +��
, (2.10)

and �� is the present-day energy density in a cosmological constant scaled
to the critical density. Here D(z) is normalized to equal unity in a matter-
dominated Universe. At the high redshifts of most interest to us, this is a rea-
sonable approximation.

Interestingly, in this matter-dominated regime the gravitational potential φ ∝
δ/a does not grow in comoving coordinates, which implies that the potential
depth of fluctuations remains frozen in amplitude as fossil relics from the in-
flationary epoch during which they were generated. Nonlinear collapse changes
the potential depth only by a factor of the order of unity, but even inside col-
lapsed objects its rough magnitude remains as testimony to the inflationary
conditions. This explains why the characteristic potential depth of collapsed
objects such as galaxy clusters (φ/c2 ∼ 10−5) is of the same order as the po-
tential fluctuations probed by the fractional variations in the CMB temperature
across the sky. At low redshifts z < 1 and in the future, the cosmological con-
stant dominates (�m � ��), and the density fluctuations freeze in amplitude
[D(t) → constant] as their growth is suppressed by the accelerated expansion
of space.

It is usually convenient to express the density field as a sum over a com-
plete set of periodic Fourier modes, each with a sinusoidal (wavelike) depen-
dence on space with a comoving wavelength λ = 2π/k and wavenumber k.
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Mathematically, we writei

δk =
∫
d3x δ(x)eik·x, (2.11)

δ(x) =
∫

d3k

(2π)3
δke

−ik·x, (2.12)

where x is the comoving spatial coordinate. The characteristic amplitude of each
k-mode defines the typical value of δ on the spatial scale λ. It is straightforward
to show that equation (2.6) applies to each Fourier mode individually, so the
factor D(t) also describes their growth (in the linear regime), and the evolution
of the density field in Fourier space is easy to follow. In particular, note that
different spatial scales evolve independently in the linear regime.

It is also useful to consider the velocity field u. To linear order, the continuity
equation (2.2) becomes ∇ · u = −a(dδ/dt), or in Fourier space

−ik · uk = − a

D

dD

dt
δk, (2.13)

where we have assumed that δk is a pure growing mode. This equation has the
solution

uk = −i aHf (�)
k

δkk̂, (2.14)

where f (�) = (a/D)(dD/da) ≈ �0.6
m to a very good approximation (note that

it is almost independent of ��). Interestingly, peculiar velocity perturbations
grow proportionally to density fluctuations, and their growing modes are par-
allel to the wavevector. Note also that uk ∝ δk/k, which implies that peculiar
velocities on a given scale are sourced by gravitational fluctuations on larger
scales than those of the density field.

2.1.1 The Power Spectrum of Density Fluctuations

The initial perturbation amplitude varies with spatial scale; typically, large-scale
regions have a smaller perturbation amplitude than do small-scale regions. The
statistical properties of the perturbations as a function of spatial scale can best
be captured by their Fourier transforms in comoving wavenumbers. This ap-
proach has the convenient property that the spatial scales are fixed in time rather
than evolving as the perturbation expands or collapses.

Because we cannot observe how particular regions mature and grow over
time, we are typically concerned not with the amplitude of individual density
perturbations or modes but with the properties of their statistical ensemble.
Most often, two complementary statistical measures are used. The first is the
correlation function,

ξ(x) = 〈δ(x)δ(0)〉 , (2.15)

iNote that cosmologists typically absorb the volume factors in the Fourier transform into δk, which
has units of volume.
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where the angular brackets represent averaging over the entire statistical en-
semble of points separated by a comoving distance x, and where we made use
of the translational invariance of statistical averages in centering our coordi-
nate system on the second point. The correlation function expresses the degree
to which a particular overdensity is more likely to be surrounded by other over-
dense regions. Note that for an isotropic distribution of perturbations, ξ is a
function only of the magnitude of the spatial separation, x = |x|.

The second measure is the power spectrum, P(k), defined by

P(k) = 〈
δkδ

∗
k′
〉 = (2π)3δD(k − k′)P (k), (2.16)

which has units of volume. This is simply related to the variance of the ampli-
tude of waves on a given scale. Again, it is a function only of k = |k| for an
isotropic universe.

In fact, the correlation function and power spectrum are intimately related.
If we write the former using the Fourier transform of δ(x), we obtain

ξ(x)=
〈∫

d3k

(2π)3
δke

ik·x
∫

d3k′

(2π)3
δ∗

k′

〉
(2.17)

=
∫

d3k

(2π)3

∫
d3k′

(2π)3
eik·x 〈

δkδ
∗
k′
〉

(2.18)

=
∫

d3k

(2π)3
eik·xP(k), (2.19)

where in the first line we have used the fact that δ(0) is real. Thus ξ(r) and
P(k) are simply Fourier transforms of each other. Theoretical calculations are
generally simplest using the Fourier representation and power spectrum, but
the two approaches have different error properties, so both are used regularly
in the literature.

Inflation generates perturbations in which different k-modes are statistically
independent, and each has a random phase constant in its sinusoid. This makes
the density field following inflation a Gaussian random field, and its statistical
properties are perfectly described by the power spectrum (see §2.1.3). In other
words, all higher-order moments and correlations are simply functions of the
power spectrum (or correlation function): no additional parameters are needed
to understand the distribution, at least until nonlinear evolution becomes im-
portant (which does induce higher-order correlations purely through gravita-
tional instability). A very small amount of primordial non-Gaussianity can be
accommodated by existing observations; the nonlinear phase of gravitational
collapse generates more.

Moreover, in the standard cosmological model, inflation produces a very
simple primordial power-law spectrum P(k) ∝ kns with ns ≈ 1. Quantum
fluctuations during cosmic inflation naturally result in a nearly scale-invariant
spectrum because of the near constancy of the Hubble parameter for a nearly
steady vacuum density. This spectrum has the special property that gravita-
tional potential fluctuations of all wavelengths have the same amplitude at the
time when they enter the horizon (namely, when their wavelength matches the

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 44



chapter2 October 8, 2012

30 CHAPTER 2

distance traveled by light during the age of the Universe), so this spectrum is
called scale invariant. This is easy to see: the mean square amplitude of mass
fluctuations within spheres of comoving radius 
 is (δM/M)2 ∝ k3P(k) for
k ∼ 2π/
. Therefore, the corresponding fluctuation amplitude of the gravita-
tional potential, ∼ (GδM/
) ∝ 
(1−ns)/2, is independent of scale if ns = 1. This
spectrum has the aesthetic appeal that perturbations can always be small on the
horizon scale. A different power-law spectrum would lead to an overdensity of
the order of unity across the horizon, and result in black hole formation, either
in the future or past of the Universe.

However, the power spectrum becomes more complex as perturbations grow
at later times in a CDM universe. In particular, the modified final power spec-
trum is characterized by a turnover at a scale on the order of the horizon cH−1 at
matter-radiation equality, and a small-scale asymptotic shape of P(k) ∝ kns−4.
The turnover results from the fact that density perturbations experience almost
no growth during the radiation-dominated era, because the Jeans length at that
time (∼ ct/

√
3; see the next chapter) is comparable to the scale of the hori-

zon, inside of which growth is enabled by causality. Therefore, modes on a spa-
tial scale that entered the horizon during the early radiation-dominated era got
trapped at their initial small density contrast and so show a smaller amplitude
relative to the power-law extrapolation of long-wavelength modes that entered
the horizon during the matter-dominated era.

For a scale-invariant index ns ≈ 1, the small-scale fluctuations have the same
amplitude at horizon crossing, and with nearly no growth they have the same
amplitude on all subhorizon mass scales at matter-radiation equality. The as-
sociated constancy of the fluctuation amplitude on small mass scales (in real
space), δ2 ∝ P(k)k3 ∼ constant, implies a small-scale asymptotic slope for P(k)
of ≈−3. The resulting power spectrum after matter-radiation equality is often
parameterized by a transfer function that accounts for changes in the shape of
the dark matter power spectrum up to this point. The transfer function is de-
fined so that

P(k, z) = T 2(k)
D2(z)

D2(zeq)
Ppri(k), (2.20)

where Ppri(k) is the primordial power spectrum. Note that the transfer function
is time independent (but scale dependent) because it describes all the evolution
from inflation through the era of matter-radiation equality. The growth factor,
however is scale independent (but time dependent) because dark matter pertur-
bations do not have any scale dependence during the matter era. The transfer
function is crudely described by the fitting function3

T 2(k)Ppri(k) ∝ kns /(1 + αpk + βpk
2)2, (2.21)

with αp = 8(�mh2)−1 Mpc and βp = 4.7(�mh2)−2 Mpc2. This function pro-
vides a reasonable fit to the overall shape of the power spectrum, but small-
scale features and subtle modifications not captured by this simple formula are
extremely important as well. These include the effects of neutrinos with finite
mass (which wash out small-scale structure, thanks to the relativistic motions of
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Figure 2.1 Left: The matter power spectrum in our fiducial cosmology at z = 0, 5,
10, and 25, from top to bottom. Right: The corresponding transfer function.
Computed using the publicly available code CAMB (http://camb.info).

these particles) and the influence of baryons, which we discuss in detail next.4

Figure 2.1 shows the resulting matter power spectra and transfer functions at
z = 0, 5, 10, and 25, using our fiducial cosmological parameters. Note the oscil-
latory features near k ∼ 0.1h Mpc−1, which are called baryon acoustic oscillations,
whose source we discuss next.

2.1.2 Relative Streaming of Baryons and Cold Dark Matter

Species that decouple at a particular time from the cosmic plasma (including
the dark matter and the baryons) will show fossil evidence for acoustic oscil-
lations in their power spectrum of inhomogeneities owing to sound waves in
the radiation fluid to which they were coupled at early times. This phenomenon
can be understood as follows. Imagine a localized point like perturbation from
inflation at t = 0. The small perturbation in density or pressure will send out
a sound wave that will reach the sound horizon cst at any later time t (see also
the discussion in §1.2.3;): in the radiation fluid, where cs ≈ c/

√
3, this sound

horizon will be near the causal horizon as well. The perturbation will therefore
correlate with its surroundings up to the sound horizon, and all k-modes with
wavelengths equal to this scale or its harmonics will be correlated. The result is
a series of peaks in the power spectrum corresponding to the harmonics of this
physical scale, as shown in Figure 2.1.

These peaks from radiation coupling to the dark matter sector are on very
small spatial scales (for weakly interacting particles, they correspond to mass
scales of planets or smaller).5 The mass scales of the perturbations that grew
to become the first collapsed objects at z < 100 crossed the horizon in the
radiation-dominated era after the dark matter had already decoupled from the
cosmic plasma and so were largely unaffected by this streaming.
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However, prior to cosmological recombination, the baryons and the cosmic
background radiation were tightly coupled and behaved as a single fluid, sep-
arate from the dark matter. Because this was relatively late in the history of
star formation, the physical scales of these correlations are reasonably large:
∼150 Mpc today. These large-scale features can be incorporated into the trans-
fer function and, because their locations can be predicted from first principles
for a given cosmological model, act as “standard rulers” that are useful in mea-
suring the fundamental parameters of our Universe. The induced correlations
occur on such large scales that they do not themselves appreciably affect struc-
ture formation at high redshifts.

However, a related effect is potentially very important.6 When the gas de-
coupled from the radiation at z ≈ 103, it was streaming relative to the dark
matter with a root-mean-square (rms) speed of vbc ≈ 10−4c = 30 km s−1. This
speed is much larger than the sound speed, so it has important implications
for the accretion of gas onto dark matter structures (see §3.2.2). Here we will
show how these effects can be incorporated into perturbation theory to describe
gravitational instability.

Using the continuity equation for the baryons and cold dark matter sepa-
rately, we can write the Fourier transform of the relative velocity between the
two species (to linear order) as

ubc(k) = k
ik2

[θb(k)− θc(k)], (2.22)

where θ ≡ a−1∇ · u. From equation (2.14), the power spectrum of this relative
velocity is then

�2
vbc(k) = k3

2π2
Ppri(k)

[
θb(k)− θc(k)

k

]2

, (2.23)

and the total variance is
〈
u2

bc(x)
〉 = ∫

(dk/k)�2
vbc(k). Figure 2.2 shows the vari-

ance of the velocity difference perturbations (in units of c) per ln k as a function
of the mode wavenumber k at z = 103. The power extends to scales as large
as the sound horizon at recombination, ∼ 140 Mpc, but declines rapidly at
k > 0.5 Mpc−1, which indicates that the velocity of the baryons relative to the
dark matter was coherent over the photon diffusion (or Silk damping) scale of
several comoving megaparsecs. This scale is larger by two orders of magnitude
than the size of the regions out of which the first galaxies were assembled at
later times. Therefore, in the rest frame of those galaxies, the background in-
tergalactic baryons appeared to be moving coherently as a wind. In the next
chapter, we will examine whether this wind had a significant effect on the as-
sembly of baryons onto the earliest galaxies.

In the presence of this relative motion between baryons and cold dark mat-
ter, the perturbation analysis becomes somewhat more complex. The simplest
approach is to treat the two species as having a spatially constant bulk velocity
vbc that decays with redshift as 1/a as the neutral gas falls into the gravitational
potential wells of the dark matter (see equation 2.22). The assumption of a spa-
tially constant background velocity is valid on scales smaller than the coherence
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Figure 2.2 The variance of the velocity difference perturbations (in units of c) between
baryons and dark matter per ln k as a function of comoving wavenumber
k at z = 103. Reprinted Figure 1 with permission from Tseliakhovich, D.,
& Hirata, C., Phys. Rev. D82, 3520 (2010). Copyright 2010 by the American
Physical Society.

length of the velocity field (i.e., several megaparsecs). In the rest frame of the
baryons, the analogs to equation (2.2) and (2.3) are (note that we require seper-
ate equations for each type of matter)

∂δc

∂t
= i

a
ubc · kδc − θc, (2.24)

∂θc

∂t
= i

a
ubc · kθc − 3H 2

2
(�cδc +�bδb)− 2Hθc, (2.25)

∂δb

∂t
= −θb, (2.26)

∂θb

∂t
= −3H 2

2
(�cδc +�bδb)− 2Hθc + c2

s k
2

a2
δb. (2.27)

The first terms on the right-hand side of the cold dark matter equations remain
here because the bulk velocity is large and so cannot be ignored during the
linearization of the basic fluid equations. When they are large compared with
the velocity divergence term, the relative streaming will have a significant effect
on structure formation. This occurs at a scale

kubc ∼ aH
〈
u2

bc

〉1/2 ∼ 180

(
30 km s−1

〈
u2

bc(zrec)
〉1/2

) (
1 + z

50

)−1/2

Mpc−1, (2.28)

where we have scaled to the typical bulk velocity at recombination and used
ubc ∝ (1+z)−1. The suppression scale is larger at higher redshift, which means
that the acoustic feature will affect structure formation to some degree at even

Journal of Cosmology (2015), Vol. 24, No. 36, pp 12508-12606. 48



chapter2 October 8, 2012

34 CHAPTER 2

10

Δ m
2

50

0.050

0.030

0.020

0.015

k (Mpc–1)

500100 1000

Figure 2.3 The isotropically averaged power spectrum of the matter distribution at z =
40 with and without the relative streaming motions (dashed and solid lines,
respectively). Reprinted Figure 2 with permission from Tseliakhovich, D.,
& Hirata, C., Phys. Rev. D82, 3520 (2010). Copyright 2010 by the American
Physical Society.

larger scales than this estimate shows (see also §3.2). Note as well that the rel-
ative velocity term is much, much smaller than the divergence term on scales
larger than the coherence length, which has k ∼ 1 Mpc−1, so this system of
equations is reasonably accurate on large scales as well.

Figure 2.3 shows the effect of these velocities on the total matter power spec-
trum at high redshifts: because the baryons constitute ∼18% of the matter, the
dark matter power spectrum changes significantly on the relevant scales.

2.1.3 Normalizing the Power Spectrum

Although the shape of the power spectrum is well determined by linear per-
turbation theory in an expanding universe, the overall amplitude of the power
spectrum is not specified by current models of inflation and is usually set by
comparision with the observed CMB temperature fluctuations or with mea-
sures of large-scale structure based on surveys of galaxies, clusters of galaxies,
or the intergalactic gas.

The most popular large-scale structure normalization is through the observed
mass fluctuation amplitude (at the present day) on 8h−1 Mpc, roughly the scale
of galaxy clusters. To relate this quantity to the power spectrum, we must con-
sider the statistical distribution of the smoothed density field. We define a
window (or filter) function W(r) normalized so that

∫
d3r W(r) = 1, where

the smoothed density perturbation field is
∫
d3rδ(x)W(r). The simplest ob-

served quantity is a measure of the masses (relative to the mean) inside spheres
of radius R; in this case we use a “spherical top-hat” window (similar to a
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three-dimensional cookie cutter), in which W = constant inside a sphere of
radius R, and W = 0 outside.

The normalization of the present day power spectrum at z = 0 is then speci-
fied by the variance of this density field when smoothed on the particular scale
of 8h−1Mpc, σ8 ≡ σ(R = 8h−1Mpc). For the top-hat filter, the smoothed per-
turbation field is denoted by δR or δM , where the enclosed mass M is related
to the comoving radius R by M = 4πρ̄mR3/3, in terms of the current mean
density of matter ρ̄m. We then write the variance

〈
δ2
M

〉
(relative to the mean) asii

σ 2(M)=
〈

1

V

∫
d3xδ(x)W(x)

1

V

∫
d3x ′δ(x′)W(x′)

〉
(2.29)

= 1

V 2

∫
d3x d3x ′W(x)W(x′)ξ(|x − x′|) (2.30)

=
∫

d3k

(2π)3
P(k)

|Wk|2
V 2

, (2.31)

whereWk is the Fourier transform of the window function. For the usual choice
of a spherical top hat, this variance becomes

σ 2(M) ≡ σ 2(R) =
∫ ∞

0

dk

k
�2(k)

[
3j1(kR)

kR

]2

, (2.32)

where j1(x) = (sin x − x cos x)/x2, and �2(k) = k3P(k)/2π2 is the so-called
dimensionless power spectrum. The term �2 expresses the contribution, per
log wavenumber, of the power spectrum to the net variance.

While the normalization of the power spectrum requires only σ8, we will
see in the next chapter that the function σ(M) plays a major role in fixing the
abundance of collapsed objects. We therefore show it in Figure 2.4 as a function
of mass and redshift for our standard cosmological model. Note that σ 2 ∝ δ2 ∝
D(t)2, so the time dependence is trivial (at least in linear theory).

For modes with random phases, the probability that different regions with
the same comoving size M will have a perturbation amplitude between δ and
δ + dδ is Gaussian with a zero mean and a variance σ 2(M),

p(δ)dδ = 1√
2πσ 2

e−δ
2/2σ 2

dδ. (2.33)

These so-called Gaussian perturbations are a key prediction of inflation; they
have the convenient property that the statistical distribution of densities is de-
scribed entirely by the power spectrum (through σ 2).

2.2 The Thermal History during the Dark Ages

In addition to the density evolution, the second key “initial condition” for galaxy
formation is the temperature of the hydrogen and helium gas that will collapse

iiNote that σ 2 can equally well be considered a function of spatial scale R.
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Figure 2.4 The root-mean-square amplitude of linearly extrapolated density fluctuations
σ as a function of massM (in solar massesM�, within a spherical top-hat fil-
ter) at different redshifts z. Halos form in regions that exceed the background
density by a factor of the order of unity. This threshold is surpassed only by
rare (many-σ ) peaks for high masses at high redshifts. When discussing the
abundance of halos, we will factor out the linear growth of perturbations and
use the function σ(M) at z = 0. The comoving radius of an unperturbed
sphere containing a mass M is R = 1.85(M/1012M�)1/3 Mpc.

into the first galaxies. If it were isolated, the gas would simply cool adiabatically
with the overall expansion of the universe. In general, for an ideal gas this cool-
ing rate can be written as (γ − 1)(ρ̇b/ρb)Te, where ρb is the baryon density, and
γ = 5/3 is the adiabatic index of a monatomic gas. For gas at the mean density,
the factor (ρ̇b/ρb) = −3H owing to the Hubble expansion.

However, the gas is not thermally isolated: it may exchange energy with the
ambient radiation field. Although cosmological recombination at z ∼ 1100 re-
sults in a nearly neutral universe, a small fraction ∼10−4 of electrons remain
free until the era of the first galaxies. These free electrons scatter off CMB pho-
tons and bring the gas closer to equilibrium with the radiation field.

A free electron moving at a speed v � c relative to the cosmic rest frame
would probe a Doppler-shifted CMB temperature with a dipole pattern,

T (θ) = Tγ

(
1 + v

c
cos θ

)
, (2.34)

where θ is the angle relative to its direction of motion, and Tγ is the average
CMB temperature. Naturally, the radiation will exert a frictional force on the
electron opposite its direction of motion. The CMB energy density within a solid
angle d� = d cos θ dφ (in spherical coordinates) will be dε = aradT

4(θ) d�/4π
(where arad is the radiation constant). Since each photon carries a momentum
equal to its energy divided by c, the electron will be slowed along its direc-
tion of motion by a net momentum flux c(dε/c) × cos θ . The product of this
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momentum flux and the Thomson (Compton) cross section of the electron (σT )
yields the net drag force acting on the electron,

me
dv

dt
= −

∫
σT cos θ dε = − 4

3c
σT aradT

4
γ v. (2.35)

The rate of energy loss by the electron is obtained by multiplying the drag force
by v, which yields

d

dt
E = − 8σT

3mec
aradT

4
γ E, (2.36)

where E = (1/2)mev2. For a thermal ensemble of electrons at a nonrelativistic
temperature T , the average energy is 〈E〉 = (3/2) kBTe. If the electrons reach
thermal equilibrium with the CMB, then the net rate of energy exchange must
vanish. Therefore, there must be a stochastic heating term that balances the
cooling term when T = Tγ . The origin of this heating term is obvious. Electrons
starting at rest will be pushed around by the fluctuating electric field of the CMB
until the ensemble reaches an average kinetic energy per electron of 〈E〉 =
(3/2) kBTγ , at which point the ensemble stays in thermal equilibrium with the
radiation.

The temperature evolution of gas at the mean cosmic density, which cools
only through its coupling to the CMB and its adiabatic Hubble expansion (with
no radiative cooling due to atomic transitions or heating by galaxies), is there-
fore described by the equation

dTe

dt
= x

(1 + x)

[
Tγ − Te

tC(z)

]
− 2HTe, (2.37)

where tC is the Compton cooling time,

tC ≡
(

8σT aradT
4
γ

3mec

)−1

= 1.2 × 108

(
1 + z

10

)−4

yr, (2.38)

and x is the fraction of all electrons that are free. For an electron–proton gas,
x = ne/(ne + nH), where ne and nH are the electron and hydrogen densities
respectively, and Tγ ∝ (1 + z). The second term on the right-hand side of equa-
tion (2.37), −2HTe, yields the adiabatic scaling Te ∝ (1 + z)2 in the absence of
energy exchange with the CMB.

The relative importance of these two heating and cooling mechanisms there-
fore depends on the residual fraction of free electrons after cosmological re-
combination. If we ignore helium for simplicity, the rate at which electrons
recombine is roughlyiii

dx

dt
= −αB(Te)x2n̄H, (2.39)

iiiAt high redshifts, recombination is delayed by the large photon density and line emission. De-
tailed calculations at z � 100 require tracking the complex network of recombination reactions.
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Figure 2.5 Thermal and ionization histories of the Universe before the first stars formed
(panels a and b, respectively). In the left panel, the solid and dashed curves
show Te and Tγ , respectively. Note that the ionized fraction x decreases
rapidly after recombination at z ∼ 1100 and then “freezes out” at z ∼ 300.
Meanwhile, Compton scattering keeps Te ≈ Tγ until z ∼ 200, after which
the declining CMB energy density and small residual ionized fraction are no
longer sufficient to maintain thermal contact between the gas and CMB. At
later times, Te ∝ (1 + z)2, as appropriate for an adiabatically expanding non-
relativistic gas. These results were produced with the publicly available code
RECFAST (http://www.astro.ubc.ca/people/scott/recfast.html).

where αB ∝ T −0.7
e is the case-B recombination coefficient.iv With our preferred

cosmological parameters, the fractional change in x per Hubble time is there-
fore

ṅe

Hne
≈ 7x(1 + z)0.8. (2.40)

Electrons “freezeout” and cease to recombine effectively when this factor be-
comes on the order of unity; after that point, the Hubble expansion time is
shorter than the recombination time. More precise numerical calculations give
x ≈ 3 × 10−4 at z ≈ 200, as shown in Figure 2.5.

Inserting this value into equation (2.37), we find that the small fraction of
residual electrons enforces thermal equilibrium between the gas and CMB
down to z ≈ 200, when Compton heating finally becomes inefficient. Figure 2.5
shows a more exact calculation: note how the gas and CMB temperatures be-
gin to depart at z ∼ 200, and the gas begins to follow the expected adiabatic
evolution Te ∝ (1 + z)2 at z ∼ 100.

ivThis ignores recombinations to the ground state, which generate a new ionizing photon and so
do not change the net ionized fraction. See §9.2.1 for more discussion of the recombination rate.
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Note, however, that Compton cooling can become important again if the Uni-
verse is “reionized” by stars or quasars; once x ≈ 1, the Compton cooling time
is still shorter than the age of the Universe (and hence significant relative to
adiabatic cooling) down to a redshift z ∼ 6.

2.2.1 Fluctuations in the IGM Temperature

Equation (2.37) describes the evolution of the mean IGM temperature. How-
ever, two factors can induce inhomogeneities in this field. First, the CMB tem-
perature varies slightly across the Universe, so each electron will scatter off a
different Tγ . Second, the adiabatic expansion term depends on the local den-
sity. In an overdense region, where gravity slows the expansion (or even causes
contraction), the cooling is slower (and may turn into heating); in an under-
dense region, the cooling accelerates. Thus, the IGM will be seeded by small
temperature fluctuations that reflect its density structure.

To describe these fluctuations, we write δT as the fractional temperature fluc-
tuation and δγ as the photon density fluctuation and note that (for a blackbody)
δγ = 4δTγ , where the latter is the photon temperature fluctuation. Then, the
analog of equation (2.37) is

dδT

dt
= 2

3

dδb

dt
+ x(t)

tC(z)

[

δγ

(
T̄γ

T̄e
− 1

)

+ T̄γ

T̄e
(δTγ − δT )

]

. (2.41)

Here the first term describes adiabatic cooling due to expansion (allowing for
variations in the expansion rate), and the second accounts for variations in the
rate of energy exchange through Compton scattering (which can result from
variations in either the gas or photon temperatures); overbars denote the mean
values for the CMB and electron temperatures.

Meanwhile, the fluctuations in the baryon temperature influence the density
evolution as well. If we allow arbitrary fluctuations in the temperature field,
rather than forcing them to trace the density fluctuations, equation (2.6) then
reads

∂2δ

∂t2
+ 2H

∂δ

∂t
= 3

2
H 2 (�cδc +�bδb)− k2

a2

kBT̄e

µmp
(δb + δT ). (2.42)

This, result together with equations (2.41), (2.37), and (2.39) for the temperature
and ionized fraction evolution, provides a complete set of equations for tracing
the density and temperature evolution, in the absence of relative streaming. If
streaming is included, the final term in equation (2.27) must be replaced by the
final term in equation (2.42).

Figure 2.6 shows the resulting power spectra for δc, δb, δT , and δTγ at four
different redshifts. Note how the photon perturbations are strongly suppressed
on small scales (below the sound horizon) thanks to their large pressure. Near
recombination, the baryonic perturbations are also suppressed on these scales,
especially in the temperature. After recombination, the baryons fall into the
dark matter potential wells, where their perturbations grow rapidly, and tem-
perature fluctuations also grow quickly thanks largely to the variations in the
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Figure 2.6 Power spectra for density and temperature fluctuations versus comoving
wavenumber at four different redshifts. The curves show the CDM den-
sity (solid), baryon density (dotted), baryon temperature (short dashes) and
photon temperature (long dashes). These curves do not include the relative
streaming of the baryons and cold dark matter. Naoz, S., & Barkana, R., Mon.
Not. R. Astron. Soc. 362, 1047 (2005). Copyright 2005 by the Royal Astronom-
ical Society.

adiabatic cooling rate. The turnover at very small scales in the baryonic power
spectrum is due to the finite pressure of the gas. The baryon acoustic oscilla-
tions are also visible near k ∼ 0.01 Mpc−1.
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Chapter Three

Nonlinear Structure and Halo Formation

In the last chapter, we followed the evolution of structure in the linear regime,
when the perturbations are small. Of course, most of the objects we study with
telescopes are far outside this regime, with typical densities many thousands of
times the cosmic mean. In this chapter, we take the next steps toward under-
standing these objects by studying the evolution of perturbations in the nonlin-
ear regime. We focus for the most part on analytic models that shed light on
the physical processes involved.

The advent of computer technology has made numerical studies of nonlinear
evolution almost routine, and many of today’s theoretical calculations follow
this path. The analytic approaches we describe inform these calculations, but
the numerical simulations allow us to sharpen our conclusions and predictions.
We discuss this synergy and describe “semianalytic” models that can be written
analytically but whose ultimate justification lies in their good agreement with
numerical simulations. We describe the fundamental aspects of computational
methods in the last section of the chapter.

3.1 Spherical Collapse

Existing cosmological data suggest that the dark matter is “cold,” that is, its
pressure is negligible during the gravitational growth of galaxies. This makes
the nonlinear evolution relatively simple, as it depends purely on the gravita-
tional force. We can therefore make some progress in understanding galaxy
formation by considering models for this gravitational growth that are suffi-
ciently simple to extend into the nonlinear regime.

For simplicity, let us consider an isolated, spherically symmetric density or
velocity perturbation of the smooth cosmological background and examine the
dynamics of a test particle at a radius r relative to the center of symmetry. Birk-
hoff’s theorem (see §1.2.2) implies that we may ignore the mass outside this
radius in computing the motion of our particle. The equation of motion de-
scribing the system reduces to the usual Friedmann equation for the evolution
of the scale factor of a homogeneous Universe, but with a density parameter �
that now takes into account the additional mass interior to the shell and its mod-
ified expansion velocity. In particular, despite the arbitrary density and velocity
profiles given to the perturbation, only the total mass interior to the particle’s
radius and the peculiar velocity at the particle’s radius contribute to the effective
value of �. We may thus find a solution to the particle’s motion that describes
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its departure from the background Hubble flow and its subsequent collapse or
expansion. This solution holds until our particle crosses paths with one from a
different radius, which happens rather late for most initial conditions.

As with the Friedmann equation for a smooth Universe, it is possible to refor-
mulate the problem in a Newtonian form. At some early epoch corresponding
to a scale factor ai � 1, we consider a spherical patch of uniform overdensity δi ,
making a so-called top-hat perturbation. If �m is essentially unity at this time
and if the perturbation is a pure growing mode, then the initial peculiar velocity
is radially inward with magnitude δiH(ti)r/3, where H(ti) is the Hubble con-
stant at the initial time, and r is the radius from the center of the sphere. This
result can easily be derived from mass conservation (the continuity equation) in
spherical symmetry. The collapse of a spherical top-hat perturbation beginning
at radius ri is described by

d2r

dt2
= H 2

0�� r − GM

r2
, (3.1)

where r is the radius in a fixed (not comoving) coordinate frame, H0 is the
present-day Hubble constant, and the unperturbed Hubble flow velocity (to
which the previously mentioned peculiar velocity should be added) is given by
dr/dt = H(t)r . The total mass enclosed within radius r isM = (4π/3)r3

i ρi(1+
δi), where ρi is the background density of the Universe at time ti . We next de-
fine the dimensionless radius x = ai(r/ri) and rewrite equation (3.1) as

1

H 2
0

d2x

dt2
= −�m

2x2
(1 + δi)+��x. (3.2)

Henceforth we will assume a flat universe with �� = 1 − �m. Our initial con-
ditions for the integration of this orbit are

x(ti) = ai, (3.3)

dx

dt
(ti) = H(ti)x(ti)

(
1 − δi

3

)
= H0ai

(
1 − δi

3

)√
�m

a3
i

+��, (3.4)

where H(ti) = H0[�m/a3
i + (1 − �m)]1/2 is the Hubble parameter for a flat

Universe at the initial time ti . Integrating equation (3.2) we obtain

1

H 2
0

(
dx

dt

)2

= �m

x
(1 + δi)+��x

2 +K, (3.5)

where K is a constant of integration. Evaluating this expression at the initial
time and dropping terms of order ai (with δi ∝ ai), we find

K = − 5δi
3ai

�m. (3.6)

If K is sufficiently negative, the particle will turn around, and the sphere will
collapse to zero size at a time

H0tcoll = 2
∫ amax

0
da

(
�m/a +K +��a

2)−1/2
, (3.7)
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where amax is the value of a that sets the denominator of the integrand to zero,
and we have used the fact that δi � 1. (The integral itself determines the total
expansion time; the factor of 2 accounts for the time from maximum expansion
to collapse.) The analogy to a test particle escaping a point mass in equation (3.1)
is illuminating here: in that case the constant K is simply proportional to the
total energy per unit mass of the system, which determines whether the particle
escapes to infinity. Here, a large negative K (enough to overcome the effective
repulsive force from the cosmological constant) implies the same recollapse.

It is easier to solve the equation of motion analytically for the regime in which
the cosmological constant is negligible, �� = 0 and �m = 1 (adequate for de-
scribing redshifts 1 < z < 103). There are three branches of solutions: one in
which the particle turns around and collapses, another in which it reaches an
infinite radius with some asymptotically positive velocity, and a third intermedi-
ate case in which it reaches an infinite radius but with a velocity that approaches
zero. In fact, although we have cast this problem as a test particle in an over-
dense or underdense region, we could have developed exactly the same equa-
tions by carving out a spherical region from a truly uniform medium. Then,
the three possibilities would simply correspond to a closed, an open, and a flat
Universe (with �� = 0). The three solutions may be written as

r = A(1 − cos η)

t = B(η − sin η)

}

Closed (0 ≤ η ≤ 2π), (3.8)

r = Aη2/2

t = Bη3/6

}

Flat (0 ≤ η ≤ ∞), (3.9)

r = A(cosh η − 1)

t = B(sinh η − η)

}

Open (0 ≤ η ≤ ∞), (3.10)

where A3 = GMB2 applies in all cases even though the constants have different
values in each one. All three solutions have r3 = 9GMt2/2 as t goes to zero,
which matches the linear theory expectation that the perturbation amplitude
get smaller as one goes back in time. In the closed case, the shell turns around
at time πB and radius 2A (when its density contrast relative to the background
of an �m = 1 Universe is 9π2/16 = 5.6), and collapses to zero radius at time
2πB. Interestingly, these collapse times are independent of the initial distance
from the origin: perturbations with fixed initial density contrast collapse ho-
mologously, with all shells turning around and collapsing at the same time.
Figure 3.1 illustrates the stages of this collapse process.

This is the fully nonlinear solution for the simplified problem of collapse of a
purely spherical top-hat perturbation. Of course, the real density distribution of
the Universe is much more complicated. Although we cannot describe analyti-
cally the full nonlinear evolution of density perturbations, we can fully describe
their linear evolution. A compromise is then to use this linear evolution to iden-
tify regions (such as galaxies) where spherical nonlinear evolution is not a bad
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